The Hardy-Rellich inequality given here generalizes a Hardy inequality of Davies 2], from the case of the Dirichlet Laplacian of a region R N to that of the higher order polyharmonic operators with Dirichlet boundary conditions. The inequality yields some immediate spectral information for the polyharmonic operators and also bounds on the trace of the associated semigroups and resolvents.
Introduction
The Hardy inequality originated in 1920 in 7] as an integral inequality for functions de ned on the real half-line. Its original representation can be easily reformulated, for 1 < p < 1, as 
for all f 2 C 1 c ((0; 1)).
In this paper we study a generalization for all derivatives, within the L 2 setting. The variable x in the denominator of inequalities (1) and (2) is replaced by a pseudodistance a m (x), where m is the number of derivatives in the dominating integrand. We formulate our result as a Hardy-Rellich operator inequality, and use it as a tool in the spectral analysis of polyharmonic operators. The Rellich inequalities found in 6] concern a distinct but related class of operator inequalities. In order to state our result properly, we need the following de (12) Proof: Since the above integral is rotationally invariant and homogeneous of degree 2m with respect to we see that In the second case, p will lie in , and so by convexivity the line segment The constant in Corollary 6 is therefore optimal, and so the constant in Theorem 5 must also be optimal.
Spectral Implications of the Inequality
In the course of proving Corollary 6 we show, in inequality (17), that the pseudodistance a m is uniformly comparable to the boundary distance function d. This (i) satis es a uniform external ball condition with = 1.
(ii) has nite inradius and satis es a uniform external ball condition. i ; (27) and is homogeneous of degree 2m. Since N ?(m?1) j j 2m a(x; ) j j 2m ;
we see that H 0 is uniformly elliptic.
Let ff m;n g 1 n=1 be the orthonormal sequence of eigenfunctions corresponding to the eigenvalues m;n of (? ) m j DIR acting in L 2 ((0; 1)). For each nonnegative multi-index n de ne
Since the functions f m;n form a complete orthonormal set in L 2 ((0; 1)), the functions f n form a complete orthonormal set in L 2 (C In order to prove an upper bound on the trace we shall need to assume that the region satis es the following condition.
Condition 19: Let be a region such that the kernel K (t; x; y) of e ?H ;m t exists, is jointly continuous and satis es jK (t; x; y)j ct ?N=2m :
for some c = c , and for all t > 0 and x; y 2 . Let b 0 m;N = 2 N=2m c.
Two special cases in which this condition is satis ed are given in the following two examples:
Example 20: For all N the Laplacian (? )j DIR acting in L 2 ( ) has a heat kernel K(t; x; y) which satis es 0 K(t; x; y) ( 
